
Week 10

Soft Recall Cauchy - Schwarz inequality 1141114144 ,v > 1

Note that Ftuplfso and tkuislsl - 11611114170

It suffices to prove It MINI KIFHYPFNIPYH
( 1- MINH )2 - (1-1141411-11412)

simple fact :

= I -

211411141
+ ( HUHHI

)2
-1+1141411412-1141211412 If a. bzo then

= 11412-211411141-41412 = ( Hull - 1141570 a > b # a
'

- b2zo

Hence the ,v > 1>-1-114111417 tufty

Geometric Interpretation
For V=1R3 (

,
> : the standard inner product a ,v vectors lying on

xy - plane ,

( e. eyes ) standard orthonormd basis of 1123

iii.  

aXutlFup.e3wheretefhu@ifcun7-ovli-VtFpescu.v
>

if can > to

Note that < a ,ep=cv,e ,
> =o

,

171=1
Z

Then Hu 'H2=(Xutlflup .es .int#ulP.eD half  sphere

= Hxulttllfreslt
" ° " ⇒

Fife
= 1×1211412+4-114121.1=1IfSimilarly HVNH

By C. 5. ineq .

KHUHNHZKUW '

>l=kXutFulie}.ua#eDl=KXu.v7t(Fulie3.FtvpeD/=llcu.v
> + Muriel

= lkuivsltifupfl = Kun > ltlfufz
i. 1- Kun > I Zftulffz



QZ Let V=Pz( IR )
.

Define an inner product on V by
( ftp.gcx) > =

fifhnganltxldx
for all fcx ) ,g(x)GV .

Apply Gram - Schmidt process on the basis p=(E¥YYY3
to get an QN.B

.
of V

Sol "

Let u ,=k=, 114112=1
'

Ka . xydx =[x- ¥ ]j=4z
.

'

.

e. = # u ,=p¥
Letuz-Vz-YuY@suicvz.u ,

> =f
,

'

x. i. a - x2)dx=o

.

'

.

uz=k - o=x Halt = fix '

( 1 . xzldx  = [ of - ¥5 ]j = ¥

ez = ⇒ uz=F¥x
Let Us = Vs -

< Yutan - Mush ,uz < vs ,u ,
> =/,x2. ia . x

')d×=,±s
Us =x2 - (4/15)/(4/3) . I - o |( B. uz > = fjxxchildx - o

= X2 - st

fjx4Cl-x4dx-z4zHu3ll2-fjtEtsYCtx4dx-fj@4-2gxtztHi-x4dsc-tts-2stEt.ztsC4ss-Esi.e3-hhTnu3-FE5lx2.t

's )
.

The required O.N.B.is ( FF ,F¥x .EE#⇒ )



Soft If V={o } the trivial vector space , any innerproduct on V is

just the zero function
.

So we may take C to be
any He real no

.

So we may assume V is nontrivial
.

Pick VOEV Voto
.

Then < vo.ro > z.to by IP5
.

Take c= ELIE >  °

Define a function f : V → IF by flu )=%I÷
.

if v±o and ffo)=c

Let v
,

well
.

If v=o or w=o then a ,w >
, =o=ccv,w >

z

So assume V to Wto
.

It < v. W > 2-+0 then ( v. W >
, -to

.

Since < v
- ohhhh .w ,

w > 2=0 ( v
- 4Th

.
w.ws ,

=o

.

'

. ( v. w >
,

= Yww÷z< w.ws
,

= Ehfnwtszcuw >
.

= fcw )< v. wz - @
We want to show that f is a constant function

EYYWI
,

.

= Twins Take  conjugation on both sides
,

since Ritts .  is

a real no
.YwiY÷fCw) In particular EY.FI

.

= ffv ) too
.

If a ,w > 2=0
,

< v
,

w >
,

=o let n=v+w Then ( u ,%= C v.v >
z

t ( w ,V>z= ( v.v >
,

> o

< u.us
,

Similarly ( u
,

w >
.

>  ° Therefore f ( v ) =

#
=f(a)

=EuuYw}T=f(
w )

In particular,
flvo ) - Hw ) V. well

.

'

.

< v ,w >
,

= cc v ,w >
z fv

,
WEV .


